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I. INTRODUCTION 



The field renormalization prescription has been present for a long time, but at present it encounters some new 
problems for unstable fermions PIQjOI- The conventional field renormalization prescription isn't suitable for unstable 
fermions, but the revised field renormalization prescription in Ref. [4| leads to the physical amplitude gauge-parameter 
dependent . Furthermore this prescription leads to the decay width of a physical process gauge-parameter dependent 
(see the appendix) which further proves the fermion field renormalization prescription of Ref. |^| isn't suitable for the 
standard model. D. Espriu et al. suggest to introduce two set independent Field Renormalization Constants (FRC) 
for the external-line fermion fields which can guarantee the physical amplitude gauge independent Q. 

But for unstable boson the corresponding discussion is still not carried out. In this manuscript we will discuss this 
problem. In the follows we firstly discuss what problem exists in the present boson's field renormalization prescription. 
Then we discuss how to construct a reasonable boson's field renormalization prescription. In section 4 we illustrate 
the consistence of the present boson's field renormalization prescription with the gauge theory in standard model by 
the calculations of the physical amplitude of Z — > didi, i.e. the gauge boson Z decaying into a pair of down-type i 
quarks. Lastly we give the conclusion. 



II. PROBLEM OF THE PRESENT BOSON'S FIELD RENORMALIZATION PRESCRIPTION 



Since the scalar boson's field renormalization prescription can be easily obtained from the vector boson's one, here 
we mainly discuss the vector boson's field renormalization prescription. The vector boson's FRC can be introduced 

as 

3 3 

where two set vector boson's FRC have been introduced. Obviously they should satisfy the hermitian conjugation 
relationship 

4 = 4*- ( 2 ) 

The renormalized vector boson's two-point function can be written as 



-vwxQwvv = z f^(p) = _ ig v> Zl [(p 2 - ml k )5 kl + S^(p 2 )] 4 - ip» P »m P 2 ) , (3) 
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where the shaded circle is the sum of the 1PI diagrams, mofc is the bare mass of vector boson fc, and is the 
transverse vector boson's two-point function removed the external-line FRC. The conventional vector boson's field 
renormalization prescription is 

'(p) £ y (p)| p2=ro 2 = 0, T^(p)e v {p)\ p 2 =m 2 = 0, 

2 lim 2 :x^rn P K(p) = -^(p). (4) 



But it's well known that Eqs.(4) cannot be satisfied for unstable vector bosons since there is imaginary part in the 
transverse two-point function. In order to be suitable for unstable vector bosons and satisfy the constraint of Eq.(2) 
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A. Denner revised Eqs.(4) as follows 4] 

ReT%{p)e v {p)\ p 2 —m 2 



Re^ij '(p) s v (p)\ p 2 =m 2 = 0, 



lim — 

p 2 — >m 2 p 



ReT%{p)e v (jp) = -e"(p), 



(5) 



where Re takes the real part of the two-point function. 

Of course Eqs.(5) are suitable for unstable vector bosons, and also satisfy the constraint of Eq.(2) 0. But we find 
it leads to physical amplitudes gauge-parameter dependent. We calculate a physical process of Z — ► ckdi, i.e. the 
gauge boson Z decaying into a pair of down-type i quarks, to illustrate this problem. At one-loop level we have 
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+ M amp (Z ^didi), 

where the vector boson's FRC have been expanded as Zf, = Sij + ^SZij, SZf^ et al. are d, quark's FRC 0, e is the 
electron's charge, sw and cw are the sine and cosine of the weak mixing angle, and 

A L = u{pdi)ilLv{Pdi) . A R = "(PdJ^wCPdi)) ( 7 ) 

with 7^ and 7^ the left- and right- handed helicity operators, and M. amv is the amplitude of the amputated diagrams 
shown in Fig.l. Our numerical calculation has shown that the real part of the physical amplitude is gauge-parameter 
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FIG. 1: One-loop amputated diagrams of Z — > 



independent. So in the follows we only need to discuss the gauge dependence of the imaginary part of the physical 
amplitude. Firstly the gauge-dependent imaginary parts of di quark's FRC are 



Im(5Z** + 6Z**)\t 



Im{SZf + SZf)\t: = —4 ^iVjifixdj-Xuj -tw)B6[m d ,i-m ud -*/faM w ], (8) 

1D7T St*/ f ' A 
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where the subscript £ takes the gauge-dependent part, 9 is the Heaviside function, m^j and m u j are the masses of 
di quark and up-type j quark, Mw and £w are the mass and gauge parameter of gauge boson W, Vji is the CKM 
matrix element jjjjj, Xd,i — ra di jM w and x u j = rrv^JM^, and 



B = \J(w ~ 2( x d,i + Xu,j)%W + (Xd,i - Xu,j) 2 

On the other hand using the cutting rules [|| we obtain 



(9) 



ImM amp (Z -> didi)\t 
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with Mz = Mw I cw the mass of gauge boson Z and 

C 



((£w - l) 2 c w - 2(£ w - 5)c w + 1) C9[M Z - M w - ^M w ] 



^(iw-l) 2 c i w -2^ w + l)c 2 w + l 



(11) 



We note that the result of Eq.(lO) coincides with the results of the conventional loop momentum integral algorithm 
and the causal perturbative theory 0. According to Eqs.(5) the boson's FRC SZ^z and SZzz don't contain 
imaginary part. So from Eqs.(6,8,10) we obtain 



ImM(Z -> didi)\i = 
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(12) 



This means the physical amplitude of Z — > didi is gauge dependent under the boson's field renormalization prescription 
ofRef.0. 



III. CONSTRUCT A REASONABLE BOSON'S FIELD RENORMALIZATION PRESCRIPTION 

From the above discussion we find in order to keep physical amplitudes gauge invariant the constrain of Eq.(2) 
must be discarded. In fact the hermitian conjugation relationship of Eq.(2) is broken by the imaginary parts of the 
unstable boson's propagation amplitudes 0, |g] (we can also see this point in the following discussions). So in the 
follows we will discard the constraint of Eq.(2) and treat and as independent quantities. 

We firstly discuss how to construct the off-diagonal vector boson's FRC. Consider the integrality of physical am- 
plitudes the off-diagonal field renormalization conditions of Eqs.(4) should keep unchanged, i.e. 

(p) £»(p)\r>=m* = 0, tfi 1 (p) e„(p)\ p 2= m 3 = 0, fori ±3. (13) 

From Eq.(3) the solutions of Eqs.(13) can be written as 

4 = - 1 - i ( E 4(m? - m^)4 + Y, 4*% {m 2 )4 , fori + 3, 

(m^-m^Z^ \ k & k,i j 

4 = ——^——l f E 2 iM) - m lk)4 + E 4^1^)4 J > fori ^3- (14) 

( m 0i - m j) Z U k,l j 

One can easily see that the loop levels of the vector boson's FRC of the r.h.s. of Eqs.(14) are less than the ones of 
the l.h.s. of Eqs.(14). So we can use Eqs.(14) to determine the vector boson's off-diagonal FRC order by order by 
recursion algorithm. At one-loop level Eqs.(14) become 

_ x _ ££ (1) (m?) x (m?) 

Z W) ~ m 2 m 2 > Z m) - m 2 2 > fori ^3, (15) 

3 * * 3 
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where the subscript (1) represents the one-loop-level parts of the quantities. From Eqs.(15) one can easily see that the 
hermitian conjugation relationship of Eq.(2) is broken by the imaginary part of the unstable vector boson's two-point 
function 

For the diagonal vector boson's FRC we cannot use the renormalization conditions of Eqs.(4) since the diagonal 
unstable vector boson's self energy cannot be renormalized to zero at physical mass point. We should determine it 
by the LSZ reduction formula 0- However, the LSZ reduction formula has only been proven for stable particles 
So we need to postulate a generalization of the LSZ reduction formula to unstable particles. Under the postulation 
the LSZ reduction formula also holds true for unstable particles |8j . When expanding the vector boson's propagation 
amplitude at physical mass pole we have from Eq.(3) 

-ig^ P 2 zl m l zllZ (16) 

£*,! ZlliP 2 ~ + ^i(P 2 )\4 (p 2 - m?)(£ fc 44 + £*,« 4^'K)4) + ie ' 

where S^' = dY^Jdp 2 , and e = J2k i Z iki( m2 ~ m ok)^kl + ^ki( m2 )] Z u A IS a smau quantity. From Eq.(16) the unit 
residue condition requires 

44 = i-E44-E4^v 2 )4- ( i7) 

To one-loop level Eq.(17) becomes 

44 = l-^x)(m?). (18) 

Obviously there is some freedom left in the definition of the diagonal vector boson's FRC. 

In order to completely determine the diagonal vector boson's FRC we need to carefully investigate the feature of 
the renormalized vector boson's two-point function r^". In fact Tf^ is symmetric about its indexes, i.e. 

rf» =f£>), fori^j. (19) 

For the problem concerned we only need to consider the transverse part of F^- . Putting Eqs.(15) into Eq.(3) we find 
that Eq.(19) is automatically satisfied at one-loop level since E^.^ (p 2 ) = Ej^^ (p 2 ). At two-loop level the transverse 
part of (p) becomes from Eq.(3) 

ftf(2)(P) = (p 2 -m 2 )4 (2) +4 (2) (p 2 -m 2 )- ( 5™ 2 (1) 4 (1) -4 (1) 5m 2 (1) 

+ E 4 ( i)(p 2 -^)4(i)+4(i)(/-^)4(i)+4(i)^ 2 - TO ?)4(i) +s] S( 2 )(p 2 ) 

+ (4(i) + 4(i)) E S(D (P 2 ) + E 4(i)^(i) (P 2 ) + E ^(i)(P 2 )4(D ' forijLj, (20) 

k^i k^j 

where the superscript T in the l.h.s. of the equation takes the transverse part of the two-point function. In order 
to make Eq.(20) satisfy Eq.(19) for arbitrary momentum p the terms in Eq.(20) containing the two-point function 
E^-(p 2 ) must be symmetric about the indexes i and j. This leads to (from Eqs.(15) and the fact that E^(p 2 ) is 
symmetric about the indexes i and j) 

- 1 i - 1 i 

z u{X) = z h\) > z jj(i) = z jj{i) ■ ( 21 ) 

From Eqs.(14,15,21) we easily obtain 

4(2) =4(2)' fori^j. (22) 

Obviously Eq.(20) satisfies Eq.(19) under Eqs.(15, 21,22). From Eqs.(15,21) we also find that 

_ 1 1 _ 1 1 

z ij(o) = z ko) ' z 5(i) = z Im ■ ( 23 ) 

Eqs.(23) manifests that the two vector boson's FRC matrices 2i and Z% satisfy transposition relationship between 
each other to one-loop level. In fact we can prove this relationship to all loop levels using the condition of Eq.(19) 



■5 



by recursion algorithm. Basing on the results of Eqs.(23) we only need to prove the conclusion: if the transposition 
relationship between Z^ and Z^ is true to n-loop level, it will be also true to n + 1-loop level. Under the condition 

Z?., , = Zl, /orm = 0,l."-,fi, (24) 

ij(m) 3^\jn} 5 J 1111 \ j 

we can easily have from Eqs.(14) 

_ i 1 

Z l(n+i) = Z l(n+i) > forij^j, (25) 

i.e. the off-diagonal n + 1-loop-level vector boson's FRC also satisfy the transposition relationship. Considering the 
ri + 2-loop-level part of Tfj (p) 

r^(„+2) (?) = ^2^2 Z ik(u) ~ m lk)(v) Z kj(n+2-u-v) + Z ik(u)^kl{v) (p 2 ) Z l) (n+2-u-v) ' ( 26 ) 

k u,v k,l u,v 

in order to make Eq.(19) true for arbitrary momentum p the terms containing Ejy^ (p 2 ) in Eq.(26) must be symmetric 
about the indexes i and j, i.e. 

LEil^WtH-) = EE4w E «w(p 2 )4+2-u-»)> / ru = l,..,n + 2. (27) 
From Eq.(24) we find that Eq.(27) is automatically satisfied for v > 2. For v = 1 the l.h.s. of Eq.(27) becomes 

^ ^ Z ik( u \^kl(V\ (p 2 ) Z U( n +l-i L \ = i Z U( n +l) + Z h(n+l))^%(l)^P 2 ) + ^ Z ik(n+l)^k 3 {l)(p 2 ) 
k,l u k^i 

n 

+ E E #)(p 2 )4(» + i)+EEi)^(^)i + i-») • ( 2g ) 

kjtj k.l «=1 

From Eqs. (24,25) we find that the last three terms of the r.h.s. of Eq.(28) are symmetric about the indexes i and j. 
Therefore in order to make Eq.(28) satisfy Eq.(27) we only need and must need the conditions 

- 1 i - 1 i 

Z ii(n+1) = Z ii(n+1) ' Z jj{n+X) ~ Z jj(n+1) ' ( 2 ^) 

Since i and j are arbitrary, we have proven that the diagonal n + 1-loop-level vector boson's FRC also satisfy the 
transposition relationship. Thus we have proven the recursion condition mentioned above. Combined Eqs. (23) this 
means to all loop levels 

4 = 4- ( 3 °) 

Especially we have @ 

4=4- (31) 

Obviously Eq.(30) is consistent with Eqs. (14) and satisfies Eq.(19) (see Eq.(3)). 
From Eqs. (17,31) we have 

Z U = Z U = 1-J2 44 - £ Z* E£'(ro?)Z* • (32) 

k^i k,l 

Thus we have completely determined the vector boson's FRC. 



IV. GAUGE INVARIANCE OF PHYSICAL AMPLITUDES UNDER THE PRESENT BOSON'S FIELD 

RENORMALIZATION PRESCRIPTION 

In this section we give an example of the calculation of physical amplitude to see whether the present boson's 
field renormalization prescription keeps physical amplitude gauge invariant. We calculate the physical amplitude of 
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Z — ► didi. Part of the result has been calculated in section 2. Here we only need to calculate 8Z 1 z and SZzz- From 
Eqs.(15) and Eqs. (18,31) we have at one-loop level 

5Z lZ = _ 2S ^(0 ; 5Zzz = _^_ S T z(m 2 z) (33) 

In Fig. 2 we show the one-loop gauge-parameter dependent Z — > 7 diagrams which are used to calculate the gauge- 
parameter-dependent imaginary part of SZ 1 z- Using the cutting rules we obtain from Eqs. (33) 





FIG. 2: One-loop gauge-parameter dependent diagrams of Z — > 7 which contain imaginary-part contribution. 
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- l) 2 c^ - 2(6v - 5)<& + 1) C6[M Z -M w - V^M W ] , 



(34) 



where C has been shown in Eq.(ll). On the other hand, in Fig. 3 we show the one-loop gauge-parameter dependent 
Z — > Z diagrams which are used to calculate the gauge-parameter-dependent imaginary part of SZzz- Using the 
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FIG. 3: One-loop gauge-parameter dependent diagrams of Z — » Z which contain imaginary-part contribution. 



cutting rules we obtain from Eqs. (33) 



Im SZ Z z\ 



^>1TC 2 W S 2 W 



(1 - ^cUw) 3/2 0[M z - 2^M W ] 



+ T^T ((tw - ±) 2 cw - 2(6v - 5)4, + 1) C6[M Z - M w - ^M w ] 

487T C^f 



(35) 
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Putting Eqs. (34,35) and Eqs.(8,10) into Eq.(6) we finally obtain 

ImM(Z -> didi)\ 6 = 0. (36) 

This means the present boson's field renormalization prescription keeps the physical amplitude of Z — > didi gauge- 
parameter independent. 

V. CONCLUSION 

In summary, we firstly discuss the present boson's field renormalization prescriptions and find the prescription of 
Ref.0 leads to the physical amplitude gauge-parameter dependent. Then we postulate a generalization of the LSZ 
reduction formula to unstable particles and use the symmetry of the boson's two-point function about its particle's 
indexes to construct a reasonable boson's field renormalization prescription. The calculation of the physical amplitude 
of Z — > didi shows that the present boson's field renormalization prescription is consistent with the gauge theory in 
standard model. 
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Appendix 

In the appendix we calculate the gauge dependence of the decay width of t — > cZ, i.e. top quark decaying into 
charm quark and gauge boson Z, under the fermion field renormalization prescription of Ref.0. At one- loop level we 
have 

MQt^cZ) = ^f w ~ 3) (8Z% + 8Z^)-cf lL t + e ^(6Z« + 8Z*)cf lR t + M am "(t ^cZ), (37) 

LZSWCW OCW 

where M. am P is the amplitude of the one-loop amputated diagrams shown in Fig. 4, and the quark's FRC SZ^ t et al. are 
listed in Ref.Q which satisfy the relationship SZ-j — 6Z$ and SZ^ = SZ^ under the fermion field renormalization 
prescription of Ref.Q. our numerical result has shown the quasi-real part, which takes the real part of the loop 



c c c 




FIG. 4: One-loop amputated diagrams of t cZ. 



momentum integrals appearing in the amplitude but not of the coupling constants appearing there U of Eq.(37) 
is gauge-parameter independent. So we only need to calculate the gauge dependence of the quasi-imaginary part, 
which takes the imaginary part of the loop momentum integrals appearing in the amplitude but not of the coupling 
constants appearing there of Eq.(37). According to Eqs. (3. 20) of Ref.Q the quasi-imaginary parts of the quark's 
FRC are equal to zero, so we only need to calculate the quasi-imaginary part of M amp (t — > cZ). Using the cutting 
rules jg we obtain 

IraMit cZ )k = cf lL t £ ^^(4^-3) 



SMttcw s 3 



w 
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X c ~ £w ~ %d,i 



X t 



x\ - 2{^ w + xd.i)x c + (£,w - Xd.i) 2 6[m c - m d ,i - MwV&v] 



x\ - 2(£ w + Xd,i)x t + {iw ~ x d ,i) 2 0[m t - m d .i - Mw^J^w] 



(38) 



where Ira takes the quasi-imaginary part of the amplitude, V-2% and V^i are the CKM matrix elements p|, m c and nit 
are the masses of charm quark and top quark, and x c = m 2 /M^, xt = m 2 /M^. We note that the result of Eq.(38) 
coincides with the results of the conventional loop momentum integral algorithm [(| and the causal perturbative theory 
0- Since there is no tree level contribution, the result of Eq.(38) directly have contribution to the cross section of the 
physical process. In other words the decay width of t — > c Z is gauge-parameter dependent under the fermion field 
renormalization prescription of Ref.Q. 
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